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Abstract
We find examples of exotic embeddings of smooth affine varieties into Cn in large codimen-
sions. We show also examples of affine smooth, rational algebraic varieties X, for which there are
algebraically exotic embeddings φ :X → X ×Cl , which are holomorphically trivial. Using this we
construct an infinite family {C2p+3} (p is a prime number) of complex manifolds, such that every
C2p+3 has at least two different algebraic (quasi-affine) structures. We show also that there is a nat-
ural connection between Abhyankar–Sathaye Conjecture and the famous Quillen–Suslin Theorem.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a closed affine subvariety of an affine space Cn. We say that X has the
Abhyankar–Moh property in Cn (abbreviation: X has the AMP) if every polynomial em-
bedding φ :X →Cn is trivial, i.e., it has an extension to a polynomial automorphism of the
whole of Cn. This means that X has no exotic embeddings into Cn (an exotic embedding is
an embedding not equivalent by automorphism to the standard one—given by the inclusion
i: X ⊂Cn). There exist smooth affine varieties without the AMP (see [1,4,6,11]), however
smooth X of sufficiently large codimension has the AMP, which was established in [2] and
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few examples of smooth affine varieties without AMP and all these examples so far were
hypersurfaces.
The first aim of this paper is to construct such examples in higher codimensions (see
Section 5). In fact for every even number n  4 we construct a smooth, rational, affine
variety X2n+1 of dimension 2n+ 1, which has at least two different embeddings into C3n.
This variety X2n+1 is a product of the complex sphere S2n−1 ⊂C2n and the plane C2.
In similar way we also construct smooth, rational, affine varieties Y2n+2 (where n 4
is an even number) of dimension 2n + 2, which have at least two different embeddings
into C3n+1. Now this variety Y2n+2 is a product of some Zariski open subset U of the
complex sphere S2n ⊂C2n+1 and the plane C2.
We will consider also the following problem which is still open (see [2,5,13] for partial
results):
Abhyankar–Sathaye Conjecture. There is no exotic embeddings φ :Cs →Cs ×Cl .
In fact we will consider a more general question:
Generalized Abhyankar–Sathaye Problem. For which affine varieties Y and which num-
bers l there are exotic embeddings φ :Y → Y ×Cl?
We show (using [8]) that for every prime number p there is a smooth, rational affine
variety Yp+3, of dimension p + 3, for which there is an exotic embedding φp :Yp+3 →
Yp+3 × Cp . It is interesting that, these embeddings are holomorphically (but not alge-
braically) trivial. Using this we construct an infinite family {C2p+3} (p is a prime number)
of complex manifolds, such that
(1) dimC2p+3 = 2p + 3,
(2) each C2p+3 has at least two different algebraic (quasi-affine) structures.
We show also that there is a natural connection between Abhyankar–Sathaye Conjec-
ture and the famous Quillen–Suslin Theorem. In fact the Abhyankar–Sathaye Conjecture
implies the Quillen–Suslin Theorem in an easy way. This gives impression how strong the
Abhyankar–Sathaye Conjecture is.
2. Preliminaries
Let k be a field. Let X be an affine variety over k and let R = k[X] be a ring of polyno-
mial functions on X. Let us recall some basic facts about algebraic vector bundles over X,
which we identify with finitely generated projective R-modules. We say that the algebraic
vector bundle E is stably trivial if
E ⊕ Et = Es ,
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called an unimodular row if (f1, . . . , fl) = R (as an ideal). If the field k is algebraically
closed this is equivalent to the fact that f1, . . . , fl have not common zeros on X. We have
the following basic:
Definition 2.1. We say that a commutative ring R is hermitian if every unimodular
row (f1, . . . , fl), is equivalent to the row (1,0, . . . ,0). In other words there is a matrix
[fij ] ∈ Rl2 such that
(1) det[fij ] ∈ R∗,
(2) fi = f1i , i = 1, . . . , l.
We have the following basic theorem (see, e.g., [7]):
Theorem 2.1. Let X be an affine variety. Every stably trivial algebraic vector bundle on X
is trivial if and only if the ring k[X] is a hermitian ring.
Finally we have the following famous theorem (see, e.g., [7]):
Theorem 2.2 (Quillen–Suslin). Every algebraic vector bundle on X = kn is trivial.
3. Simple embeddings
Let k be any field. We start with
Definition 3.1. Let X be an affine variety. Denote by ι :X  x → (x,0) ∈ X × kl the
standard embedding. Now let φ :X → X × kl be an embedding. We say that φ is trivial if
there is an automorphism Σ :X × kl → X × kl such that Σ ◦ φ = ι. If φ is not trivial we
call it exotic.
In this section we will consider only ruled affine varieties Y = X × k, where X is an
affine variety. We start with:
Definition 3.2. Let Y = X × k. Take polynomial functions f1, . . . , fl+1 ∈ k[X], which
form a unimodular row. Then a mapping
φ :Y  (x, t) → (x, tf1(x), tf2(x), . . . , tfl+1(x)) ∈ Y × kl
is an embedding. We call it a simple embedding.
Our aim is to prove:
Theorem 3.1. Let Y = X × k be a smooth ruled affine variety. Then every simple embed-
ding φ :Y → Y × kl is trivial if and only if every algebraic stably trivial vector bundle
on X is trivial.
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This means by Theorem 2.1, that the ring k[X] is a hermitian ring. Take a unimodular row
(f1, . . . , fl+1) ⊂ k[X] and let the mapping
φ :Y  (x, t) → (x, tf1(x), tf2(x), . . . , tfl+1(x)) ∈ Y × kl
be a simple embedding. It is enough to prove that φ can be extended to an automorphism
Φ :Y × kl → Y × kl (we identify Y with Y × {0} ⊂ Y × kl). Since the ring k[X] is a
hermitian ring there is a invertible matrix [fij ] ⊂ k[X](l+1)2 , such that fi = f1i . Now
define an isomorphism Φ :Y × kl → Y × kl by the formula:
(
(x, t), z
)→
(
x, tf1(x) +
l+1∑
i=2
fi1zi, tf2(x) +
l+1∑
i=2
fi2zi, . . . , tfl+1(x) +
l+1∑
i=2
fil+1zi
)
.
Obviously
Φ|Y = φ.
(⇒) Conversely assume that for every unimodular row (f1, . . . , fl+1) the simple em-
bedding
φ :Y × {0}  (x, t,0) → (x, tf1(x), tf2(x), . . . , tfl+1(x)) ∈ Y × kl
has an extension to an automorphism of Y × kl . We show that every stably trivial algebraic
vector bundle on X is trivial. By induction we can reduce the case to algebraic bundles
which are given by one unimodular row (f1, . . . , fn), i.e., which is the kernel of a mor-
phism
F : En  (v1, . . . , vn) →
n∑
i=1
fivi ∈ E1,
where Er denote a trivial bundle of rank r on X. Let (g1, . . . , gn) be a unimodular row
such that
n∑
i=1
figi = 1.
Now let 〈g〉 ⊂ En be a subbundle of rank 1 generated by the vector g = (g1, . . . , gn).
Since, F(g) = 1 we have 〈g〉 ⊕ A = En, where kerF = A. In other words
A = En/〈g〉.
Now consider the embedding
φ :X × k  (x, t) → (x, g1t, g2t, . . . , gn−1t, gnt) ∈ X × kn.
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variety X × {0} is equal to
(
En/〈g〉
)= A.
Moreover, we see that the normal bundle N(ι(X × k)) restricted to the submanifold
X × {0} is trivial. Since φ and ι coincide along X ×{0}, and these embeddings are equiva-
lent, this implies that their normal bundles restricted to X are isomorphic. This means that
the bundle A is trivial. This finishes a proof. 
For the convenience of the reader we give also a more direct proof of the implica-
tion “⇒.” Assume that for every unimodular row (f1, . . . , fl+1) the simple embedding
φ :Y × {0}  (x, t,0) → (x, tf1(x), tf2(x), . . . , tfl+1(x)) ∈ Y × kl
has an extension to an automorphism of Y × kl . We show that the ring R = k[X] is her-
mitian. To this aim we show that the unimodular row f1, . . . , fl+1 can be extended to some
invertible matrix [fij ] ⊂ Rl+1, where fi = f1i .
Assume that X is of dimension s. Let x0 ∈ X and choose local coordinates around x0.
Let Φ :Y × kl → Y × kl be an extension of Φ to an automorphism. Take f = (f1, . . . ,
fl+1). Note, that in a local coordinates we have
Φ(x, t, z) = (x + h,f t + g),
where h = (h1, . . . , hl+1) and g = (g1, . . . , gl+1) are polynomial mappings. Since Φ is an
extension of φ we have h(x, t,0) ≡ 0 and g(x, t,0) ≡ 0. In particular
∂hi
∂xj
(x, t,0) ≡ 0, ∂hi
∂t
(x, t,0) ≡ 0, and ∂gi
∂xj
(x, t,0) ≡ 0, ∂gi
∂t
(x, t,0) ≡ 0.
Since Φ is an automorphism we have
Jac(Φ)(x, t, z) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 + ∂h1
∂x1
. . . ∂hs
∂x1
∂f1
∂x1
t + ∂g1
∂x1
. . .
∂fl+1
∂x1
t + ∂gl+1
∂x1
...
. . .
...
...
. . .
...
∂h1
∂xs
. . . 1 + ∂hs
∂xs
∂f1
∂xs
t + ∂g1
∂xs
. . .
∂fl+1
∂xs
t + ∂gl+1
∂xs
∂h1
∂t
. . . ∂hs
∂t
f1 + ∂g1∂t . . . fl+1 + ∂gl+1∂t
∂h1
∂z1
. . . ∂hs
∂z1
∂g1
∂z1
. . .
∂gl+1
∂z1
...
. . .
...
...
. . .
...
∂h1 . . . ∂hs
∂g1 . . .
∂gl+1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.∂zl ∂zl ∂zl ∂zl
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Jac(Φ)(x,0,0) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 . . . 0 0 . . . 0
...
. . .
...
...
. . .
...
0 . . . 1 0 . . . 0
0 . . . 0 f1 . . . fl+1
∗ . . . ∗ ∂g1
∂z1
. . .
∂gl+1
∂z1
...
. . .
...
...
. . .
...
∗ . . . ∗ ∂g1
∂zl
. . .
∂gl+1
∂zl
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.
This means that
Jac(Φ)(x,0,0) =
∣∣∣∣∣∣∣∣∣∣
f1 . . . fl+1
∂g1
∂z1
. . .
∂gl+1
∂z1
...
. . .
...
∂g1
∂zl
. . .
∂gl+1
∂zl
∣∣∣∣∣∣∣∣∣∣
= 0.
Note that functions ∂gi
∂zj
(x,0,0) are polynomial functions and they are not depend on the
way in which we choose local coordinates on X. Now take f1j = fj , j = 1, . . . , l + 1,
and fij (x) = ∂gj∂zi−1 (x,0,0) for i = 2, . . . , l + 1 and j = 1, . . . , l + 1. Finally we have det[fij ] ∈ R∗. This completes the proof.
We have a following interesting observation:
Corollary 3.1. The Abhyankar–Sathaye Conjecture implies the Quillen–Suslin Theorem in
an easy way (over C).
Proof. Indeed, by basic machinery of algebraic K-theory it can be easily obtained that
every algebraic vector bundle over X = Cn is stably trivial. Hence in fact the Quillen–
Suslin Theorem is equivalent to the fact, that every stably trivial algebraic vector bundle
on X is trivial. By Theorem 3.1 this is a consequence of Abhyankar–Sathaye Conjec-
ture. 
More generally, if k is any field we have:
Corollary 3.2. The following two statements are equivalent:
(a) every simple embedding φ : kr → kr × kl is trivial,
(b) the Quillen–Suslin Theorem holds over k.
In particular (a) is always true.
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Let k be an algebraically closed field. In [8] (see also [9]) Mohan Kumar has constructed
some nice examples of stably free algebraic vector bundles, which are not free. More pre-
cisely, he constructed for every prime number p a smooth rational affine variety Xp+2
of dimension p + 2 and an algebraic vector bundle Ap on Xp+2 of rank p, which is
stably trivial but not trivial. Further, as it follows from the construction of Ap , we have
Ap ⊕ E1 = Ep+1. Moreover, these vector bundles (considered over C) are holomorphi-
cally trivial (in fact every such a vector bundle of rank greater or equal to p/2 + 1 must be
holomorphically trivial—see [10]). We use these examples to prove:
Theorem 4.1. For every prime number p there is a smooth rational affine complex variety
Yp+3 of dimension p + 3, such that there is an (algebraically) exotic embedding
φp :Yp+3 → Yp+3 ×Cp.
Moreover, the embedding φp is holomorphically trivial.
Proof. For a given prime number p take Xp+2 and Ap as in the Mohan Kumar example.
In particular Ap ⊕ E1 is a trivial vector bundle and Ap is not trivial. Let
π : Ep+1 ∼= Ap ⊕ E1 → E1
be a projection. Hence there exists a vector g = (g1, . . . , gp+1) ∈ Ep+1 such that
π(g) =
p+1∑
i=1
figi = 1.
Take Yp+3 = Xp+2 ×C.
Now consider the embedding
φ :Yp+3  (x, t) → (x, g1s, g2s, . . . , gp+1s) ∈ Yp+3 ×Cp.
By direct computations we see that the normal bundle N(φ(Yp+3)) restricted to the subva-
riety Xp+2 × {0} is equal to (
Ep+1/〈g〉
)= Ap.
Hence this bundle is not trivial along Xp+2 × {0}.
Moreover, we see that the normal bundle N(ι(Yp+3)) restricted to the submanifold
Xp+2 × {0} is trivial. Since φ and ι coincide along Xp+2 × {0}, these embeddings can-
not be equivalent.
On the other hand, since the vector bundle Ap is holomorphically trivial on Xp+2, we
have that the unimodular row g1, . . . , gp+1 can be extended to an invertible holomorphic
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biholomorphic extension Φ :Yp+3 ×Cp → Yp+3 ×Cp given by the formula:
(
(x, t), z
)→
(
x, tg1(x) +
p+1∑
i=2
gi1zi, tg2(x) +
p+1∑
i=2
gi2zi, . . . , tgp+1(x) +
p+1∑
i=2
gip+1zi
)
.

Remark 4.1. The first part of Theorem 4.1 is true over every algebraically closed field.
Corollary 4.1. For every prime number p there is a complex manifold C2p+3 of dimension
2p + 3, which has at least two different algebraic (quasi-affine) structures.
Proof. Let Yp+3 and φp be as in Theorem 4.1. Take Γ2p+3 = Yp+3 × Cp . We will iden-
tify Yp+3 with Yp+3 ×{0}. Let C2p+3 = Γ2p+3 \Yp+3 and D2p+3 = Γ2p+3 \φp(Yp+3). By
Theorem 4.1 we have that manifolds C2p+3 and D2p+3 are biholomorphic. We show that
they are not algebraically isomorphic.
Indeed, assume that there is an algebraic isomorphism Ψ :D2p+3 → C2p+3 ⊂ Γ2p+3.
Since the variety Γ2p+3 is smooth and affine and the subvariety φp(Yp+3) has codimension
at least two in Γ2p+3, we deduce that we can extend Ψ to the isomorphism Ψ ′ :Γ2p+3 →
Γ2p+3.
It is easy to see that σ = Ψ ′ ◦ φp :Yp+3 → Yp+3 is an automorphism of Yp+3. Take
Σ = σ−1 × identity :Γ2p+3 → Γ2p+3. Of course Σ is an algebraic isomorphism. Now
(Σ ◦ Ψ ′) ◦ φp = identity,
which means that embedding φp is algebraically trivial. This is a contradiction. 
Remark 4.2. Let us note that Corollary 4.1 gives also the example of a smooth affine
variety Γ and two smooth affine subvarieties X,Y ⊂ Γ , such that
(a) X is algebraically isomorphic to Y ,
(b) there is a biholomorphism Φ :Γ → Γ such that Φ(X) = Y ,
(c) there is no algebraic isomorphism with this property.
5. Exotic embeddings intoCn
In this section we construct a series of exotic embeddings of affine smooth varieties
into Cn. If X is a k-dimensional affine submanifold of Cn and n > 2k + 1 then X has a
unique embedding into Cn (see [2,5,13]). However, we do not know whether this result is
optimal. In fact to the best knowledge of the author there are no examples of exotic embed-
dings of smooth subvarieties X into Cn in codimension larger than 1. Here we generalize
our approach from Sections 3 and 4 and we construct such examples.
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is an even number), which have at least two different algebraic embedding into C3n. We
start with the following nice classical example of Raynaud (see [12]):
Example 5.1. Let n 3 and
R = C[x1, . . . , xn, y1, . . . , yn]
(
∑n
i=1 xiyi − 1)
.
Then the stably free submodule of Rn given by the unimodular row (x1, . . . , xn) is not free.
Of course the space Spec(R) = S2n−1 is the standard (2n − 1)-dimensional complex
sphere. Now we are ready to prove the main result of this section:
Theorem 5.1. Let n  4 be an even number and consider the variety S2n−1 ⊂ C2n. Then
the embeddings
ι :S2n−1 ×C2 
(
(x, y), (s, t)
)→ ((x, y), s, t,0, . . . ,0) ∈C2n ×Cn,
and φ :S2n−1 ×C2 →C2n ×Cn given by
(
(x, y), (s, t)
)→ ((x, y), y1s + x2t, y2s − x1t, y3s + x4t, y4s − x3t, . . . ,
yn−1s + xnt, yns − xn−1t
)
,
are nonequivalent, i.e., there does not exist a polynomial automorphism
Φ :C2n ×Cn →C2n ×Cn,
such that Φ ◦ ι = φ.
Proof. Let n  4 be an even number and consider the variety S2n−1 ⊂ C2n. By the Ex-
ample 5.1 we know that the stably trivial vector bundle A given by the row (x1, . . . , xn)
is not trivial. In fact, if Er denote a trivial bundle of rank r on S2n−1, then A ⊕ E1 = En.
Now let 〈x〉 ⊂ En be a subbundle of rank 1 generated by the vector x = (x2,−x1, x3,−x4,
. . . , xn−1,−xn) and 〈y〉 be a subbundle generated by the vector y = (y1, y2, y3, . . . , yn).
It is easy to see that
F : En  (v1, . . . , vn) →
n∑
i=1
xivi ∈ E1
and
G : En  (v1, . . . , vn) → y2v1 − y1v2 + · · · + ynvn−1 − yn−1vn ∈ E1
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and 〈x〉 are prime factors in En.
Since kerF = A, we have 〈y〉 ⊕ A = En. Moreover, since F(x) = 0 we have 〈x〉 ⊂ A.
In particular, this means that there exists a subbundle C ⊂ En, such that A = 〈x〉 ⊕ C. By
the construction we have C ⊕〈y,x〉 = En, where 〈x,y〉 denote the subbundle generated by
vectors x and y (please check that it is really a subbundle!).
Now consider the embedding
φ :S2n−1 ×C2 
(
(x, y), (s, t)
)
→ ((x, y), y1s + x2t, y2s − x1t, . . . , yn−1s + xnt, yns − xn−1t) ∈C2n ×Cn.
By direct computations we see that the normal bundle N(φ(S2n−1 ×C2)) restricted to the
submanifold S2n−1 × {0} is equal to
N(S2n−1) ⊕
(
En/〈x,y〉
)= E1 ⊕ C = A.
This means that this normal bundle is not trivial along S2n−1 × {0}.
However it is easy to see that the normal bundle N(ι(S2n−1 × C2)) restricted to the
submanifold S2n−1 × {0} is trivial. Since φ and ι coincide along S2n−1 × {0}, this implies
that does not exist an algebraic automorphism
Φ :C2n ×Cn →C2n ×Cn,
such that Φ ◦ ι = φ. 
Remark 5.1. Since the vector bundle in the example of Raynaud is holomorphically non-
trivial too, we get that φ and ι are also holomorphically nonequivalent. Moreover, φ is also
topologically nontrivial.
In similar way we can construct a smooth affine rational manifolds Y2n+2 ⊂ C3n+1
(where n  4 is any even number), which has at least two different algebraic embedding
into C3n+1. Consider the following example of Mohan Kumar and Nori (see [8]):
Example 5.2. Let n 3 and
R = C[x1, . . . , xn, y1, . . . , yn, z]
(
∑n
i=1 xiyi − z(z − 1))
.
Then the stably free module given by the unimodular row (x1, . . . , xn) in R′ =
R[z−1(z − 1)−1] is not free.
In fact the variety S′ = Spec(R′) is a hypersurface. Indeed, we have:2n
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sphere and let S′2n = S2n \ {(x, y, z): z(z− 1) = 0}. Then the variety S′2n can be embedded
as a closed hypersurface into C2n+1.
Proof. Let (a, b) ∈Cn ×Cn be a point such that (a, b,0) /∈ S2n and (a, b,1) /∈ S2n. Let
Φ :C2n+1  (x, y, z) → (z(z − 1)x + a, z(z − 1)y + b, z) ∈C2n+1.
It is easy to see that Φ−1(S2n) ∼= S′2n is a closed hypersurface. 
In further we will consider S′2n as a closed hypersurface in C2n+1. Now we can repeat
the proof of Theorem 5.1 to obtain:
Theorem 5.2. Let n  4 be an even number and consider the variety S′2n ⊂ C2n+1. Then
there exists two unimodular rows (f1, . . . , fn) and (g1, . . . , gn) in C[S′2n] such that the
embeddings
ι :S′2n ×C2 
(
x, (s, t)
)→ (x, s, t,0, . . . ,0) ∈C2n+1 ×Cn,
and φ :S′2n ×C2 →C2n+1 ×Cn given by(
x, (s, t)
)→ (x, g1s + f2t, g2s − f1t, g3s + f4t, g4s − f3t, . . . ,
gn−1s + fnt, gns − fn−1t),
are nonequivalent, i.e., there does not exist a polynomial automorphism
Φ :C2n+1 ×Cn →C2n+1 ×Cn,
such that Φ ◦ ι = φ.
Remark 5.2. The results of this section are true over any field (of any characteristic).
Indeed, the fact that Raynaud example is valid for all fields was proved by Mohan Kumar
and Nori (see [14]).
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